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a b s t r a c t
We consider the boundary value problem with nonhomogeneous multi-point boundary
condition
u′′ + a(t)f (u) = 0, t ∈ (0, 1),
u(0) =
m∑
i=1
aiu(ti)+ λ, u(1) =
m∑
i=1
biu(ti)+ µ.
A sufficient condition is obtained for the existence and uniqueness of a positive solution.
The dependence of the solution on the parameters λ and µ is also studied. Our work
complements some results in the literature, especially those in our earlier papers
[L. Kong, Q. Kong, Second-order boundary value problemswithnonhomogeneous boundary
conditions I, Math. Nachr. 278 (2005) 173–193; L. Kong, Q. Kong, Second-order boundary
value problems with nonhomogeneous boundary conditions II, J. Math. Anal. Appl. 330
(2007) 1393–1411].
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
In this work, we are concerned with positive solutions of the boundary value problem (BVP) consisting of the equation
u′′ + a(t)f (u) = 0, t ∈ (0, 1), (1.1)
and the two-parameter nonhomogeneous multi-point boundary condition (BC)
u(0) =
m∑
i=1
aiu(ti)+ λ, u(1) =
m∑
i=1
biu(ti)+ µ, (1.2)
wherem ≥ 1 is an integer, ai, bi ∈ R+ := [0,∞) and ti ∈ [0, 1] for i = 1, . . . ,m, λ, µ ∈ R+, a : (0, 1)→ R+ ismeasurable,
and f : R+ → R+ is continuous.
By a positive solution of BVP (1.1), (1.2), we mean a function u ∈ C[0, 1] ∩ C2(0, 1) such that u(t) > 0 for t ∈ [0, 1], u(t)
satisfies Eq. (1.1) on (0, 1) and u(t) satisfies BC (1.2).
In recent years, the existence of positive solutions of BVPswithmulti-point BCs has been studied extensively bynumerous
researchers using a variety of methods and techniques. The reader is referred to [1–7] for some work on BVPs with
homogeneous BCs and to [8–15] on those with nonhomogeneous BCs. In particular, Ma [12] studied the BVP consisting
of Eq. (1.1) and the one-parameter BC
u(0) = 0, u(1)− ξu(η) = µ. (1.3)
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Under certain assumptions, he showed that there exists µ∗ > 0 such that BVP (1.1), (1.3) has at least one positive solution
for 0 < µ < µ∗ and has no positive solution for µ > µ∗. This result was extended to various problems in [8–11,13–15]. In
particular, Guo et al. [8] and Sun et al. [14] obtained similar results for the BVPs consisting of Eq. (1.1) and the one-parameter
BCs
u(0) = 0, u(1) =
m∑
i=1
biu(ti)+ µ (1.4)
and
u′(0) = 0, u(1) =
m∑
i=1
biu(ti)+ µ,
respectively; Ma [13] also obtained similar results for the BVP consisting of the equation
u′′ + a(t)u′ + b(t)u+ h(t)f (u) = 0, t ∈ (0, 1), (1.5)
and BC (1.4). It should be noticed that Eq. (1.5) is much more general than Eq. (1.1). Recently, the present authors [9,10]
studied the general two-parameter BVP (1.1), (1.2) with λ,µ ∈ R, and under certain assumptions, proved that there exists
a continuous decreasing curve Γ separating the (λ, µ)-plane into two disjoint connected regionsΛE andΛN with Γ ⊆ ΛE
such that BVP (1.1), (1.2) has at least two solutions for (λ, µ) ∈ ΛE \ Γ , has at least one solution for (λ, µ) ∈ Γ , and
has no solution for (λ, µ) ∈ ΛN . However, to the best of our knowledge, very little is known from the literature on the
uniqueness of solutions of the above mentioned BVPs, and in the case where the solution is unique, very little is known on
the dependence of solutions on the parameters.
In this work, we derive conditions for BVP (1.1), (1.2) to have a unique solution and then study the dependence of this
solution on the parameters λ and µ. Our results complement our earlier work in [9,10]. Here, we remark that, using some
ideas from [13], this work can be extended to the more general BVP (1.5), (1.2).
We need the following assumptions:
(H1) 0 <
∑∞
i=1 ai(1− ti) < 1, 0 <
∑∞
i=1 biti < 1 and
ρ :=
(
1−
m∑
j=1
aj
)(
1−
m∑
j=1
bjtj
)
+
(
1−
m∑
j=1
bj
) m∑
j=1
ajtj > 0;
(H2)
∫ 1
0 s(1− s)a(s)ds <∞;
(H3) f (x) is nondecreasing on R+;
(H4) there exists 0 ≤ θ < 1 such that
f (κx) ≥ κθ f (x) for any κ ∈ (0, 1) and x ∈ R+.
Remark 1.1. We have the following observations:
(1) If 0 <
∑∞
i=1 ai < 1 and 0 <
∑∞
i=1 bi < 1, then (H1) holds.
(2) One class of functions satisfying (H3) and (H4) is given by
f (x) =
n∑
i=1
βixαi ,
where n is a positive integer, αi ∈ [0, 1) and βi > 0 for i = 1, . . . , n.
Throughout this work, the following notation will be used:
• (λ, µ)→∞ if at least one of λ and µ approaches∞;
• (λ1, µ1) > (λ2, µ2) if λ1 ≥ λ2 and µ1 ≥ µ2 and at least one of them is strict;• (λ1, µ1) < (λ2, µ2) if λ1 ≤ λ2 and µ1 ≤ µ2 and at least one of them is strict;• (λ, µ)→ (λ0, µ0) if λ→ λ0 and µ→ µ0.
We now state our main theorem of this work. Here, for any u ∈ C[0, 1], we write ‖u‖ = maxt∈[0,1] |u(t)|.
Theorem 1.1. Assume (H1)–(H4) hold. Then BVP (1.1), (1.2) has a unique positive solution uλ,µ(t) for any (λ, µ) > (0, 0).
Furthermore, such a solution uλ,µ(t) satisfies the following properties:
(i) lim(λ,µ)→∞ ‖uλ,µ‖ = ∞;
(ii) uλ,µ(t) is strictly increasing in λ and µ, i.e.,
(λ1, µ1) > (λ2, µ2) > (0, 0) H⇒ uλ1,µ1(t) > uλ2,µ2(t) on [0, 1];
(iii) uλ,µ(t) is continuous in λ and µ, i.e., for any (λ0, µ0) > (0, 0),
(λ, µ)→ (λ0, µ0) H⇒ ‖uλ,µ − uλ0,µ0‖ → 0.
In the next section, we will present the proof of Theorem 1.1.
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2. Proof of Theorem 1.1
We first recall some definitions.
Definition 2.1. Let X be a Banach space with a norm ‖ · ‖. Then:
(a) a nonempty closed convex set P ⊆ X is said to be a cone if λP ⊆ P for all λ ≥ 0 and P ∩ (−P) = {0}, where 0 is the zero
element of X;
(b) every cone P in X defines a partial ordering in X by u ≤ v ⇐⇒ v − u ∈ P;
(c) a cone P is said to be normal if there exists σ > 0 such that 0 ≤ u ≤ v implies ‖u‖ ≤ σ‖v‖;
(d) a cone P is said to be solid if the interior P◦ of P is nonempty.
Definition 2.2. Let P be a solid cone in a real Banach space X , T : P◦ → P◦ be an operator, and 0 ≤ θ < 1. Then, T is called
a θ-concave operator if
T (κu) ≥ κθTu for any κ ∈ (0, 1) and u ∈ P◦.
We need the following two lemmas in our proof. The reader is referred to [16, Theorem 2.2.6] for the first one and its
proof.
Lemma 2.1. Assume that P is a normal solid cone in a real Banach space X,0 ≤ θ < 1, and T : P◦ → P◦ is a θ-concave increasing
operator. Then T has a unique fixed point in P◦.
Lemma 2.2. Assume (H1) holds. Then, for h ∈ C(0, 1) with s(1− s)h(s) ∈ L(0, 1), the BVP consisting of the equation
u′′ + h(t) = 0, t ∈ (0, 1), (2.1)
and BC (1.2) has a unique solution u(t) satisfying
u(t) =
∫ 1
0
K(t, s)h(s)ds+ λφ(t)+ µψ(t), (2.2)
where
K(t, s) = 1
ρ
m∑
j=1
{[(
1−
m∑
i=1
ai
)
bj +
(
m∑
i=1
bi − 1
)
aj
]
t +
(
1−
m∑
i=1
biti
)
aj +
(
m∑
i=1
aiti
)
bj
}
G(tj, s)+ G(t, s)
with
G(t, s) =
{
t(1− s), 0 ≤ t ≤ s ≤ 1,
s(1− t), 0 ≤ s ≤ t ≤ 1,
φ(t) = 1
ρ
[(
m∑
i=1
bi − 1
)
t +
(
1−
m∑
i=1
biti
)]
,
and
ψ(t) = 1
ρ
[(
1−
m∑
i=1
ai
)
t +
m∑
i=1
aiti
]
.
Proof. Let
u(t) =
∫ 1
0
G(t, s)h(s)ds+M + Nt, (2.3)
whereM andN are constants to be determined. Clearly, u(t) iswell defined and satisfies (2.1). In the following,we determine
M and N so that u(t) satisfies (1.2). Substituting (2.3) into (1.2), we obtain(
1−
m∑
j=1
aj
)
M −
(
m∑
j=1
ajtj
)
N =
m∑
j=1
aj
∫ 1
0
G(tj, s)h(s)ds+ λ (2.4)
and (
1−
m∑
j=1
bj
)
M +
(
1−
m∑
j=1
bjtj
)
N =
m∑
j=1
bj
∫ 1
0
G(tj, s)h(s)ds+ µ. (2.5)
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From (H1),∣∣∣∣∣∣∣∣∣
1−
m∑
j=1
aj −
m∑
j=1
ajtj
1−
m∑
j=1
bj 1−
m∑
j=1
bjtj
∣∣∣∣∣∣∣∣∣ =
(
1−
m∑
j=1
aj
)(
1−
m∑
j=1
bjtj
)
+
(
1−
m∑
j=1
bj
)
m∑
j=1
ajtj = ρ 6= 0.
Then, the system (2.4) and (2.5) has a unique solution forM and N . By Cramer’s rule and simple calculations, we find that
M = 1
ρ
∫ 1
0
m∑
j=1
[(
1−
m∑
i=1
biti
)
aj +
(
m∑
i=1
aiti
)
bj
]
G(tj, s)h(s)ds+ 1
ρ
[(
1−
m∑
i=1
biti
)
λ+
(
m∑
i=1
aiti
)
µ
]
and
N = 1
ρ
∫ 1
0
m∑
j=1
[(
1−
m∑
i=1
ai
)
bj +
(
m∑
i=1
bi − 1
)
aj
]
G(tj, s)h(s)ds+ 1
ρ
[(
m∑
i=1
bi − 1
)
λ+
(
1−
m∑
i=1
ai
)
µ
]
.
From (2.3), we see that (2.2) holds. This completes the proof of the lemma. 
Remark 2.1. Assume (H1) holds. Then for K(t, s), φ(t), and ψ(t) defined in Lemma 2.2, we have:
(i) K(t, s) > 0 for t, s ∈ (0, 1);
(ii) φ(t) > 0 and ψ(t) > 0 for t ∈ [0, 1].
Now, we are ready to prove our theorem.
Proof of Theorem 1.1. Let the Banach space C[0, 1] be equipped with the usual norm ‖u‖ = maxt∈[0,1] |u(t)| and let P be
defined by
P = {u ∈ C[0, 1] : u(t) ≥ 0 on [0, 1]}.
Then, P is a normal solid cone in C[0, 1]with
P◦ = {u ∈ C[0, 1] : u(t) > 0 on [0, 1]}.
For any (λ, µ) > (0, 0), define an operator Tλ,µ : P → C[0, 1] by
Tλ,µu(t) =
∫ 1
0
K(t, s)a(s)f (u(s))ds+ λφ(t)+ µψ(t). (2.6)
In viewof (H2) and Lemma2.2, u(t) is a solution of BVP (1.1), (1.2) if and only if u is a fixed point of Tλ,µ, and by Remark 2.1,we
see that Tλ,µ : P◦ → P◦. It is also easy to check that Tλ,µu is strictly increasing in λ andµ for λ,µ ∈ R+ and is nondecreasing
in u for u ∈ P . Moreover, from (2.6) and (H4) we have
Tλ,µ(κu)(t) =
∫ 1
0
K(t, s)a(s)f (κu(s))ds+ λφ(t)+ µψ(t)
≥ κθ
∫ 1
0
K(t, s)a(s)f (u(s))ds+ λφ(t)+ µψ(t)
≥ κθ
(∫ 1
0
K(t, s)a(s)f (u(s))ds+ λφ(t)+ µψ(t)
)
= κθTλ,µu(t), (2.7)
i.e., Tλ,µ is θ-concave. By Lemma 2.1, Tλ,µ has a unique fixed point uλ,µ in P◦, which is the unique positive solution of BVP
(1.1), (1.2). The first part of the theorem is proved.
In the rest of the proof, we show the ‘‘furthermore’’ part of the theorem. Note from (2.6) that
uλ,µ(t) = Tλ,µuλ,µ =
∫ 1
0
K(t, s)a(s)f (uλ,µ(s))ds+ λφ(t)+ µψ(t) (2.8)
with φ(t) > 0 and ψ(t) > 0 on [0,1]. Then, part (i) is obvious.
Next, we show part (ii). Assume (λ1, µ1) > (λ2, µ2) > (0, 0). We first claim that uλ1,µ1(t) ≥ uλ2,µ2(t) on [0,1]. In fact,
let
γ¯ = sup{γ : uλ1,µ1(t) ≥ γ uλ2,µ2(t) on [0, 1]}.
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Then uλ1,µ1(t) ≥ γ¯ uλ2,µ2(t) for t ∈ [0, 1]. We assert that γ¯ ≥ 1. For otherwise, we have 0 < γ¯ < 1. By the monotone
property of Tλ,µu in λ,µ, and u and from (2.8), we have that
uλ1,µ1(t) = Tλ1,µ1uλ1,µ1(t) ≥ Tλ1,µ1(γ¯ uλ2,µ2)(t)
> Tλ2,µ2(γ¯ uλ2,µ2)(t) ≥ (γ¯ )θTλ2,µ2uλ2,µ2(t)
= (γ¯ )θuλ2,µ2(t) > γ¯ uλ2,µ2(t) on [0, 1].
This contradicts the definition of γ¯ . Thus, uλ1,µ1(t) ≥ uλ2,µ2(t) for t ∈ [0, 1]. Therefore, from (2.8), we have that for t ∈ [0, 1]
uλ1,µ1(t) = Tλ1,µ1uλ1,µ1(t) ≥ Tλ1,µ1uλ2,µ2(t)
> Tλ2,µ2uλ2,µ2(t) = uλ2,µ2(t).
Hence, uλ,µ(t) is strictly increasing in λ and µ.
Finally, we show part (iii). For any given (λ0, µ0) > (0, 0), from part (ii), we have
uλ,µ(t) < uλ0,µ0(t) on [0, 1] for any (0, 0) < (λ,µ) < (λ0, µ0). (2.9)
For any (λ0/2, µ0/2) < (λ,µ) < (λ0, µ0), let
δ¯λ,µ = sup{δ > 0 : uλ,µ(t) ≥ δuλ0,µ0(t) on [0, 1]}.
Then 0 < δ¯λ,µ < 1 and uλ,µ(t) ≥ δ¯λ,µuλ0,µ0(t) on [0, 1]. Moreover, from (2.7) and (2.8) we have that for t ∈ [0, 1]
uλ,µ(t) = Tλ,µuλ,µ(t) ≥ Tλ,µ(δ¯λ,µuλ0,µ0)(t)
> w(λ,µ)Tλ0,µ0(δ¯λ,µuλ0,µ0)(t)
≥ w(λ,µ)(δ¯λ,µ)θTλ0,µ0uλ0,µ0(t) = w(λ,µ)(δ¯λ,µ)θuλ0,µ0(t),
where
w(λ,µ) =
{min{λ/λ0, µ/µ0} if λ0 6= 0 and µ0 6= 0,
µ/µ0 if λ0 = 0,
λ/λ0 if µ0 = 0.
Clearly, 0 < w(λ,µ) < 1. Now, from the definition of δ¯λ,µ, we see that
w(λ,µ)(δ¯λ,µ)
θ ≤ δ¯λ,µ.
Thus,
δ¯λ,µ ≥
(
w(λ,µ)
)1/(1−θ)
.
Then, for t ∈ [0, 1] and (λ0/2, µ0/2) < (λ,µ) < (λ0, µ0), we have
uλ,µ(t) ≥ δ¯λ,µuλ0,µ0(t) ≥
(
w(λ,µ)
)1/(1−θ)
uλ0,µ0(t). (2.10)
From (2.9) and (2.10), we obtain that
‖uλ0,µ0 − uλ,µ‖ ≤
(
1− (w(λ,µ))1/(1−θ)) ‖uλ0,µ0‖
for (λ0/2, µ0/2) < (λ,µ) < (λ0, µ0). Note thatw(λ,µ)→ 1 as (λ, µ)→ (λ0, µ0). Then, we have
‖uλ0,µ0 − uλ,µ‖ → 0 as (λ, µ)→ (λ0, µ0)with (λ, µ) < (λ0, µ0).
Similarly, we can show that
‖uλ0,µ0 − uλ,µ‖ → 0 as (λ, µ)→ (λ0, µ0)with (λ, µ) > (λ0, µ0).
Hence, part (iii) holds. This completes the proof of the theorem. 
References
[1] J.R. Graef, L. Kong, Solutions of second order multi-point boundary value problems, Math. Proc. Cambridge. Philos. Soc. 145 (2008) 489–510.
[2] J.R. Graef, B. Yang, Positive solutions to a multi-point higher order boundary value problem, J. Math. Anal. Appl. 316 (2006) 409–421.
[3] J. Henderson, Solutions of multipoint boundary value problems for second order equations, Dynam. Systems Appl. 15 (2006) 111–117.
[4] J. Henderson, B. Karna, C.C. Tisdell, Existence of solutions for three-point boundary value problems for second order equations, Proc. Amer. Math. Soc.
133 (2005) 1365–1369.
[5] Y. Sun, Optimal existence criteria for symmetric positive solutions to a three-point boundary value problem, Nonlinear Anal. 66 (2007) 1051–1063.
[6] J.R.L. Webb, G. Infante, Positive solutions of nonlocal boundary value problems, a unified approach, J. London Math. Soc. 74 (2006) 673–693.
1638 L. Kong, Q. Kong / Applied Mathematics Letters 22 (2009) 1633–1638
[7] J.R.L. Webb, K.Q. Lan, Eigenvalue criteria for existence of multiple positive solutions of nonlinear boundary value problems of local and nonlocal type,
Topol. Methods Nonlinear Anal. 27 (2006) 91–115.
[8] Y. Guo, W. Shan, W. Ge, Positive solutions for second-orderm-point boundary value problems, J. Comput. Appl. Math. 151 (2003) 415–424.
[9] L. Kong, Q. Kong, Second-order boundary value problems with nonhomogeneous boundary conditions I, Math. Nachr. 278 (2005) 173–193.
[10] L. Kong, Q. Kong, Second-order boundary value problems with nonhomogeneous boundary conditions II, J. Math. Anal. Appl. 330 (2007) 1393–1411.
[11] M.K. Kwong, J.S.W. Wong, The shooting method and non-homogeneous multi-point BVPs of second-order ODE, Bound. Value Probl. 2007 (2007)
doi:10.1155/2007/64012. Article ID 64012, 16 pages.
[12] R. Ma, Positive solutions for second-order three-point boundary value problems, Appl. Math. Lett. 14 (2001) 1–15.
[13] R. Ma, Positive solutions for nonhomogeneousm-point boundary value problems, Comput. Math. Appl. 47 (2004) 689–698.
[14] W. Sun, S. Chen, Q. Zhang, C. Wang, Existence of positive solutions to n-point nonhomogeneous boundary value problems, J. Math. Anal. Appl. 330
(2007) 612–621.
[15] Z. Zhang, J. Wang, Positive solutions to a second-order three-point boundary value problem, J. Math. Anal. Appl. 285 (2003) 237–249.
[16] D. Guo, V. Lakshmikantham, Nonlinear Problems in Abstract Cones, Academic Press, Orlando, 1988.
